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Orbit Determination by Solving for Gravity Parameters
with Multiple Arc Data
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The orbit of a satellite that repeats in the Earth fixed coordinates is determined by combining GPS tracking
data from multiple arcs. The satellite dynamics are modeled with the epoch state and a set of parameters, called
the bin parameters, that account for the effect of the local gravitational field on the satellite current state. The
epoch state is specific to each arc, and the bin parameters are common to all repeat arcs. The estimation
algorithm is based on the Square Root Information Filter. It involves partitioning of the measurement matrix
and use of the Householder transformation to combine multiple arc data and solve for the epoch states and the
bin parameters. The bin parameters can then be converted into the Earth's gravitational field with a modest
amount of computation.

Introduction

A MODEL of the Earth's gravitational field is commonly
used in satellite orbit determination. In the conventional

dynamic tracking technique, models of the Earth's gravita-
tional field and other forces are required to model the dynam-
ics of the spacecraft; the model orbit is then adjusted to fit the
tracking data. As a result, modeling error in the gravitational
field leads to error in the orbit solution. For high accuracy
applications at low to midaltitude, gravitational mismodeling
can be the dominant error.1'4

Modeling the dynamics to determine the orbit is necessary
for a tracking system that lacks continuous coverage or precise
measurements. This is the case with ground-based Doppler or
laser tracking systems due to their limited coverage. The
Global Positioning System (GPS) will provide continuous
three-dimensional coverage and allows alternative approaches.
The nondynamic, or kinematic, technique5 performs point
positioning by using the pseudorange and carrier phase data
and is not dependent on a gravitational model. The reduced-
dynamic technique6'8 uses dynamic models, but its dependence
on the dynamics is relaxed. The information in the dynamic
model and the geometric strength of the measurements are
combined in an optimal way. The solution is therefore less
sensitive to gravitational and other dynamic mismodeling.

Gravitational models are traditionally constructed from sat-
ellite tracking data or surface gravimetric measurements or a
combination of both. The gravitational potential is most often
expressed as a spherical harmonic expansion.9'10 To construct
the gravitational model, the coefficients for the spherical har-
monic functions are also adjusted to fit the tracking data. A
good model requires a large number of coefficients and the
processing of a large data set from multiple satellites. The
basic technique is much the same as that used for dynamic
tracking except that the gravitational coefficients are also ad-
justed. Because of the large number of estimated parameters
and the volume of data processed, this is a computationally
intensive endeavor.

For some satellites with special orbits, the computation can
be reduced with refined methods. Colombo11'13 has exploited
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the symmetry properties of a repeat orbit and shown that a
sparse block-diagonal and bordered normal matrix can be set
up and inverted efficiently. This paper describes another tech-
nique14'15 for orbit determination and gravitational field recov-
ery with a repeat orbit that requires less computation. We
assume the satellite repeats its ground tracks after several days
and has either frozen or nearly circular orbit so that the orbit
in the Earth fixed coordinates is periodic. As the satellite re-
peats its ground track, it experiences the same gravitational
perturbation from the Earth. The perturbation for arcs with
the same ground track can be modeled by a set of parameters
that represent the effect of the local gravitational field. Track-
ing data from multiple repeat arcs can be processed together to
obtain an accurate estimate of the parameters. The choice of
local gravitational parameters for modeling the dynamics al-
lows the partitioning of the measurement matrix in the regres-
sion equation and the use of an orthogonal transformation to
process multiple arc data for recovery of spherical harmonic
coefficients. This approach is more computationally efficient
than the conventional method of solving for the gravitational
field because of the sparseness of the matrix involved.

This technique is suited to a number of satellites being
planned, such as Topex/Poseidon,16'17 EOS,18 ERS-1,19 and
Aristoteles.20 The Topex/Poseidon satellite is set for launch in
1992 to carry out an ocean topography experiment that will
measure the global sea surface using a precise radar altimeter,
with the principal purpose of charting global ocean circula-
tion. The orbit has an altitude of 1336 km, an inclination of
66.1 deg, and an eccentricity less than 0.001. The ground
tracks repeat every 10 nodal days after 127 revolutions.21 The
baseline tracking system for Topex is a ground-based laser
ranging system. In addition, a GPS-based tracking system is
being carried as an experiment. A key mission objective is to
achieve 13-cm accuracy in determining Topex geocentric alti-
tude. Extensive orbit analysis has shown that gravitational
mismodeling is a major error source using the traditional dy-
namic orbit determination technique, even with a much im-
proved model.22'25 The repeat orbit technique can be applied to
the GPS tracking system to obtain a high accuracy orbit, and
the orbit can be converted into the gravitational field with a
modest amount of computation.

Satellite Dynamic Model
Our gravitational dynamic model is based on the assump-

tion that the satellite repeats its orbit in an Earth fixed coordi-
nate frame after a number of revolutions, and the perturbation
caused by the error of the nominal gravitational field is the
same for all repeat orbits. Each orbit may have slightly differ-
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ent initial position and velocity, but since they are close to-
gether, they experience effectively the same perturbation due
to the Earth's gravitational field. Measurement data from
these arcs may be collected into segments, or "bins." By aver-
aging the measurement data from multiple arcs, the effect of
random errors is reduced in the estimation of the perturbation.

Because the repeat orbits deviate from each other slightly,
the perturbations are only approximately the same. However,
the repeat is not required to be exact, and minor variation
compared to the satellite altitude is acceptable for the method
proposed here. For example, the ground track deviation for
Topex/Poseidon is in the order of 1 km,26 and the eccentricity
is less than 0.001. Since the variation in ground track and
altitude is very small compared with the altitude of 1336 km,
the error introduced by the approximation is negligible. Over
a few kilometers, the total gravitational field varies substan-
tially. But since the nominal field is already removed in the
estimation process and we are only modeling the effect due to
the difference between the real gravitational field and the nom-
inal field, the variation in distance is acceptable.

In adjusting the gravitational model with the spherical har-
monic expansion, the general rule is to limit the highest degree
terms to those with wavelength comparable to the satellite
altitude, since the sensitivity of the tracking data to the har-
monic terms decreases sharply as the degree increases. The
highest degree of the adjusted terms is about 50 for Topex/Po-
seidon, which corresponds to a wavelength of roughly 1000
km. A variation of a few kilometers is a small fraction of this
wavelength and will only introduce a small error in the per-
turbing gravitational field (i.e., the error of the nominal grav-
itational field). A somewhat different justification can be
made by attributing the perturbing field to a mass concentra-
tion below the surfaces of the Earth. In the worst case, this
mass concentration is directly below the satellite. The variation
of the repeat orbit is two orders of magnitude smaller than the
distance between the satellite and the mass concentration. The
variation in the perturbing gravitational field due to the mass
concentration is therefore about two orders of magnitude
smaller than the perturbing gravitational field itself. It is there-
fore justifiable to assume that the perturbing gravitational
field is the same for all repeat orbits. This also implies that the
resulting perturbations of different orbits are the same.

To represent the satellite dynamic model, assume we have
N arcs with epoch time tft\ where the superscript / labels
the arc and / = 1,... ,7V. At each epoch time, the satellite is
assumed to start the arc from the same location above
the beginning of the ground track. The measurement is made
at tjl} with j = 1, . . . , M and / = 1,..., N. The superscript labels
the arc, and the subscript labels the measurement time. The
epoch time may or may not be the same as the first measure-
ment time in each arc. But, in general, the measurement sched-
ules should be the same for all arcs. In other words,

for (1)

At time fj f ) for the samey but different /, the satellite is approx-
imately over the same location of the ground track.

The satellite state at any time in an arc depends on the initial
state and the dynamical force for that arc. We can write

where s[t^] is the epoch state for the /th arc, and $ [ t , t ^ l ) ]
is the state transition operator, which is dependent on the
gravitational force and other dynamical forces such as drag
and solar radiation. The gravitational force due to the Earth is
assumed to be the same for all arcs whereas drag and solar
radiation, as well as the gravitational forces due to the Sun and
the Moon, vary for different arcs. The model trajectory is
generated from a nominal epoch state using a dynamic model
with gravitational and nongravitational forces. The nominal
trajectory will be arc specific due to forces that are arc specific.

In discussing the measurement data type, we will limit our-
selves to pseudorange and carrier phase, which is also called
integrated Doppler. With these data types, the velocity of the
satellite at the measurement time is not directly involved in the
measurement model, although the initial velocity is. It is con-
venient to separate the position component of the satellite
initial state from the velocity component in our discussion.

We can linearize the previous equation and get

dr dr dr
r ( t ) = —— r0 + —— v0 + 6(0 + — pdr0 dv0 dp (3)

where r ( t ) is the deviation of the actual satellite position from
the nominal trajectory, rQ is the adjustment to the epoch posi-
tion, and v0 is the adjustment to the epoch velocity. The term
6(0 represents the correction to the current position of the
satellite to account for the error in the nominal gravitational
model. The last term is an adjustment to all other nongravita-
tional forces such as the drag and radiation pressure. Non-
gravitational dynamic parameters are estimated if the forces
are not sufficiently well known for the particular application.
Whether an individual force parameter needs to be adjusted or
not depends on arc length and other factors. More discussion
on the choice is given in the section on recovering gravitational
field. The partial derivatives in the previous equation are eval-
uated with the nominal dynamic model.

The corresponding equation for the velocity component is

dr dr . dr
r ( t ) = — r0 + —- v0 + 6(0 + — Pdr dv0 dp (4)

At measurement time tjl) we can write the equation for the
position component as

dp

where

(5)

(6)

In the estimation process, a detailed model of the gravitational
field is not needed explicitly. Instead, we have a set of (3 xM)
parameters to describe the effect of gravitational force on the
position component of the orbit. These parameters henceforth
will be called the bin parameters.

A word on the bin parameter is in order. The parameter is
essentially the second time integral of the perturbing grav-
itational field (i.e., the error of the nominal gravitational
field). As will be shown by Eq. (19) in the section on recovering
the gravitational field, it can be interpreted as the variational
partial of the gravitational field. If one pictures the dynamics
in terms of the spherical harmonic coefficients, then 67 repre-
sents the lumped effect of all of the harmonic coefficients on
the current state.

The correction term 6 is considered common to all arcs and
will be adjusted later in the estimation process. The assump-
tion that the deviation of the current state due to gravitational
model deviation is the same for all arcs is intuitively reason-
able, but it should be more carefully justified as will be done
later in the section on recovering the gravitational field. The
adjustment terms to the epoch state, r0 and v0, are considered
arc specific. At a selected measurement time t\9 the position
and velocity of the satellite are given by

= — r0dr0

and

dv0

dv0

v0 — p
dp

—- p
dp

(7)

(8)
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We can impose the condition that both d and <5 at t\ are arc
common because each arc has its own adjustment term to the
epoch state. Furthermore, since the parameters r0, v0, and 6(0
together give more degrees of freedom for the satellite posi-
tions than necessary, we may set one of the vectors d(t) to zero
to reduce the number of estimated parameters. This is done by
choosing d(t) to be zero at t\, that is,

= 6, = 0 (9)

However, we will not assume that the velocity component 6! is
zero. This is because with the measurement data type to be
considered, namely range and carrier phase, the velocity com-
ponent of the satellite is not directly observable and d \ cannot
be estimated. Appendix A discusses this ambiguity in more
detail. With the assumption that the initial condition of the
correction term d is arc common, and the assumption that the
gravitational fields repeat, we can show that the correction
term is arc common at any time. This is done later when the
variational equation is discussed.

Note that unlike the case where the dynamic model is used,
here the term v0 is not the actual initial velocity, but rather it
is the adjustment to the initial velocity. The satellite initial
velocity is the sum of v0 and <50.

Measurement Model
The nominal GPS tracking system consists of 21 GPS satel-

lites, the low Earth satellite equipped with a GPS receiver, and
a number of ground receivers. The P-code pseudorange and
carrier phase measurements are collected by both the orbiting
and ground receivers. For orbit determination, each measure-
ment arc is roughly 2 h long, which corresponds to one rev-
olution for the low Earth satellite. Longer arcs, typically 10
days long, are often needed for gravity work. Measurements
are taken at intervals of 5 min or less.

The measurement at time t is modeled by the regression
equation, which has also been linearized and is shown in
Eq. (10). The dynamic parameters mentioned earlier, plus
nondynamic parameters used in modeling the measurement,
will appear in the regression equation for the measurement.
The parameter <5 will appear in the regression equation as the
gravitational parameters to be estimated. Note that there are
three gravitational parameters for each measurement time if
pseudorange or carrier phase is used, since they depend only
on the position components of the gravitational parameter 6.
If (instantaneous) range rate measurement is used, the velocity
components of the gravitational parameter, and to a certain
extent the position components, are also involved.

To simplify the discussion, we will limit the measurement
model and data processing strategy to pseudorange and carrier
phase only. Let p be the linearized pseudorange measurement
(i.e., pseudorange deviation from the nominal value) between
the low Earth orbiter and the GPS satellite,

dp dp

where q represents all parameters not related to the dynam-
ics of the low Earth satellite that are involved in the measure-
ment, such as GPS state and clocks. The last term is the mea-
surement noise.

Also involved in the orbit determination process but not
written explicitly here is the equation for the pseudorange
measurement between the GPS satellite and the ground sta-
tion. The parameters for the measurement include the tropo-
spheric delay, the station locations, and the station clock
parameters. The troposphere and clock parameters are specific
to each arc whereas the station location is common to all arcs.
The measurement model for carrier phase is similar except that
additional range bias parameters are included. A range bias is
introduced for each session of uninterrupted phase count be-

tween a receiver and a GPS satellite. This parameter needs to
be estimated and is arc specific.

We next combine terms in the previous equation to write it
in the form

(H)

where «(/) denotes all arc specific parameters, including the
adjustment term to the epoch state rQ and v0, the nongravita-
tional dynamical parameters, and GPS states. Arc common
parameters such as the bin parameters are represented by w in
the second term on the right. The separation of parameters
into arc specific and arc common parameters is important for
the estimation algorithm discussed next.

In using this measurement model and estimating the adjust-
ment to the epoch state and the bin parameters later, we have
in fact over parameterized the system. The adjustment terms
for the initial state of the satellite and the gravitational
parameters are dependent on each other. For multiple arcs, we
can eliminate the v0 term for one of the arcs as the extra
parameter. If all parameters are kept, it is not possible to
completely determine them with the measurements and nu-
merical difficulty because singularity may be encountered in
calculation. To avoid the singularity, we can use large a priori
sigmas to loosely bound the solution. Alternatively, we can
eliminate the extra velocity parameter in our formulation.
Either way, the estimation algorithm discussed later is applica-
ble. Physical quantities of interest to us, namely, the satellite
positions at different times and the gravitational field, can
always be determined unambiguously from the measurements.
More details are given in Appendix A.

Estimation Algorithm
The number of arc specific parameters increases as the num-

ber of arcs increases. Using a straightforward algorithm, the
amount of computation can be very large for a large number
of arcs. Much saving in computation can be achieved by the
algorithm described next that takes advantage of the sparse-
ness of the measurement matrix.

If we combine the measurement data from multiple arcs, we
can write the regression equation that models the measurement
in matrix form

y - Ax + e (12)

where y is the measurement column vector and e is the mea-
surement noise column vector. The measurement noise is as-
sumed to be uncorrelated and have the same standard devia-
tion, i.e., sigma. If the noise sigmas are different, i.e., the
measurements have different accuracies, Eq. (12) may be
scaled to make the standard deviation of the noise uniform.
The column vector x denotes the parameters that have been
classified into arc specific and arc common parameters. The
measurement matrix A, also known as the design matrix,
contains the partial derivatives and can be partitioned into an
arc specific part and an arc common part. The A matrix has
the form

A = [A,\A2] (13)

where the submatrix A\ contains partials of arc specific
parameters and is block diagonal, with each block correspond-
ing to one arc. The submatrix A2 contains partials of arc
common parameters and is generally full. From the appear-
ance of the A matrix, it can be seen that an algorithm using
the Householder transformation27 can be applied to solve the
regression equation, in a similar manner as the linear combi-
nation method for elimination of clock parameters,28 or the
method for solving for multiple mission station locations.29

The algorithm is based on the Square Root Information Filter
that transforms the measurement matrix and data by an
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orthogonal transformation to obtain the solution and its
co variance.

Figure 1 shows graphically the forms of the A matrix as it is
transformed in a series of steps. Shaded areas represent
nonzero portions, and blank areas represent zero portions of
the matrix. Part a of the figure shows the original form of the
A matrix. The matrix has been partitioned horizontally into
three arcs and vertically into parts for arc specific on the left
and arc common parameters on the right. To carry out the
estimation scheme, we first partially triangularize a portion of
the A matrix involving the arc specific parameters for each arc
and retain the lower part of the triangularized matrix for arc
common parameters. The result is shown in part b. The matrix
is rearranged by combining the lower submatrices from differ-
ent arcs to form a rectangular submatrix at the lower part of
A as shown in part c. The combined part is further trian-
gularized, as shown in part d. This completes the triangulariza-
tion of the entire A matrix. The lower right part of the matrix
is used to solve for the arc common parameters, namely, the
gravitational parameters. The solution is then used together
with the upper part of the triangularized matrix for each arc to
solve for the corresponding arc specific parameters. This way
substantial savings can be made in computation, and the result
is the same as that obtained without partitioning the A matrix.

Recovering Gravitational Field
As stated earlier, this method allows conversion of the orbit

solution to the gravitational field with modest computation.
The direct product of the estimation algorithm is the bin pa-
rameter 6, which is a correction term to the satellite current
position to account for the error of the nominal gravitational
field. To recover the gravitational field itself, this set of
parameters must first be related to the gravitational field.
There are two ways to establish the relationship: the first one
is based on the equation of motion, and the second one is
based on the variational equation.

In the first approach, the linearized equation of motion is
written with the conventional gravitational parameters as

dr dr
dv v0

dr dr
T~dp

(14)

where k^ are the spherical harmonic coefficients or the mass
concentration parameters of the gravitational model. Com-
parison with Eq. (3) shows that the bin parameter can be
expressed as

(15)

This provides the basis for further least squares estimation
of the parameters £M. Equation (15) can be substituted into
Eq. (12) and the transformed regression equation can be fur-
ther processed to give an optimal solution of the spherical
harmonic coefficients.30 Conceptually, this is equivalent to
using the gravity bin parameters as correlated pseudomeasure-
ments to solve for the gravitational parameters. This approach
gives the same result as the conventional method that estimates
the coefficients directly from the measurements. The addi-
tional computation to convert the gravity bins to the spherical
harmonic coefficients needs to be done only once for multiple
arcs and is much less than the earlier part of the computation
that estimates the bin parameters.31

In the second approach that will be discussed next, we con-
sider the variation of the equation of motion for the satellite.
The parameter d can be interpreted as a variational partial that
satisfies the variational equation. A physical interpretation of
the variational equation will be given. A formula derived from
the variational equation enables us to compute the local grav-
itational field.

The force field is defined as force per unit mass on the
satellite. Let the actual force field be denoted by Freai and the

arc arc
specific common

arc 1

arc 2

arc 3
a)

n.
I

c)

b) d)
Fig. 1 Transformation of the A matrix.

nominal force field by Fw. The difference between the two is
represented as the sum of two terms,

F —rp ~ , — Fl rn (16)

where Fd is due to the Earth's gravitational force, and Fp is
due to nongravitational forces. The force field Fd is assumed
to be arc common, but Fp and Fn are generally arc specific.
The arc specific forces should be taken into account in gener-
ating the nominal trajectory. However, in the variational
equation to be discussed, the partial derivatives of the nominal
force field are considered arc common.

We next consider a variational force field defined as

variational = Fn (17)

The variational parameter a is introduced with the under-
standing that when it is equal to 0 the variational force field
reflects the nongravitational and the nominal gravitational
models, and when it is equal to 1 the variational force field is
equal to the actual field. The nominal force field does not need
to be very accurate. It only needs to be accurate enough to
permit linearization of the equation of motion.

With this assumption, the satellite position at time t is
dependent on the adjustment terms to its epoch state, the
coefficient a, and other dynamical parameters. If we lin-
earized the equation by considering the variation from a nom-
inal trajectory, we have

, ^ dr dr dr dr
r(t) = —— /•(>+ —— v o + — « + T- Par0 avo da. dp

(18)

where p represents the nongravitational dynamical parameters
mentioned earlier. Within the assumption of linearity, this
equation is valid for an arbitrary value of a, in particular
for a = 0 and a = 1. When a = 0, the equation represents the
satellite position with the nominal gravitational field. When
a = 1, the equation represents the satellite position with the
real gravitational field. Notice that the gravitational parameter
6 defined earlier is the difference of the satellite positions
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with the real gravitational field and with the nominal gravita-
tional field.

We also have the linearized equation for the satellite state
given earlier as

dr dr dr
r(t) = —— /o + —— v0 + 6(0 + — poro dvo op (19)

By setting a to 1 and comparing the two equations, we see that
the bin parameter 6 is related to the variational partial by

"Tda
(20)

The gravitational parameter 6 was earlier interpreted as the
correction to the satellite position at time t to account for
the error in the nominal gravitational model. By the earlier
argument it can also be considered a variational partial. A
variational partial is related to the gravitational field by the
variational equation that is derived from the equation of mo-
tion (Ref. 32, pp. 64-68).

Let r be the position of the satellite at time t. Let 0 be a
general dynamic parameter, which can be the gravitational
variational parameter a. defined earlier and can also be another
parameter such as the satellite initial position, initial velocity,
the drag coefficient, or the solar radiation parameter. The
equation of motion is given by

r=F(r,r,|8) (21)
where F is the force per unit mass acting on the satellite. Let

(22)

Differentiating the equation of motion with respect to /3 and
interchanging the order of differentiation, we get

dF . dF dF
(23)

This is the variational equation. In an orbit determination
problem, the variation equation and a certain initial condition
are usually used to calculate the variational partials by integra-
tion with a force of known time dependence. Here the step is
reversed. The partial derivatives in the equation cannot be
computed from the gravity, since we have no accurate knowl-
edge of the actual gravitational field. Instead, the variational
equation is used to relate the partials to the gravity. With the
variational partials computed by the estimation algorithm, we
will infer the gravitational field from the variational partials.
This is done next.

Since the gravitational parameter 6 can be considered a vari-
ational partial, it satisfies the variational equation. We there-
fore set

and

(24)

(25)

Using the definition Eq. (15) of the variational gravitational
field, and the nominal force field to evaluate the partial deriva-
tives, we have

(26)

This equation has the following physical meaning: The varia-
tional partial 6 is the deviation of the actual orbit from the
nominal orbit due to gravitational mismodeling. Its second
time derivative 6 is the correction to the acceleration. The first
and second terms on the right-hand side are the changes in the

nominal force field due to the perturbation of the orbit posi-
tion and velocity, respectively. The third term is the correction
to the nominal force field at a fixed point in space. The right-
hand side is thus the total correction to the force field on the
satellite. The variational equation states that the correction to
the satellite's acceleration is equal to the correction to the force
field it experiences.

This equation also provides the justification that the grav-
itational parameter 6 is arc common. Since it is a second-order
differential equation, the solution of the equation is uniquely
determined by the gravitational fields Fn and Fd, together with
an initial condition, i.e., the value and the first time derivative
of 6 at a chosen time, for example t\. Our basic assumption is
that the gravitational field Fd is arc common. We also assume
that both the value and the first time derivative of 6 at t\ are
arc common. With these assumptions, there is a unique, i.e.,
arc common, solution for the equation. Therefore the gravita-
tional parameter 6 can be considered arc common.

The equation can be rewritten as

dFn (27)

If the correction to the nominal force field Fd is reasonably
smooth over twice the measurement interval, the second
derivative of the variational partial can be approximated by
finite differencing of the gravitational parameters,

Fd(tj) =

for y = 2 , . . . , M - l (28)

The assumption that Fd is smooth over the measurement inter-
val imposes some restriction on the measurement interval
when the local gravitational field is to be recovered. The short-
est wavelength of the spatial variation of the gravitational field
that is significant is comparable to the altitude of the satellite.
The measurement should therefore be made over a distance of
approximately one-half the altitude or less. A shorter measure-
ment interval reduces the error in performing the finite differ-
encing for the derivative. But the measurement interval should
not be made too small, otherwise the error of Fd increases
again. This is due to another error source, namely, the error in
the estimate of the gravitational parameter <5. When At de-
creases, the uncertainty of 6 increases as lA/Af and the multi-
plier I/At2 increases quadratically. The optimal measurement
interval will depend on the measurement accuracy, data types,
data volume, and geometry, among other things.

For Topex, the altitude is 1336 km, and the satellite travels
a distance of about 430 km/min. The measurement interval
should therefore be 1.5 min or less. Over a 10-day period,
Topex ground tracks cover a zone of spherical surface between
±66° latitudes, with distance between successive tracks less
than 2.5°. With the technique described earlier, a tight grid of
local gravitational field at Topex altitude can be established.

The gravitational field recovered with this method is the
local gravitational field. If a global gravitational model in the
form of spherical harmonic coefficients is desired, the coeffi-
cients can be computed by simple integration over the spherical
surface if the satellite orbit is nearly circular, as it is in the case
with Topex/Poseidon, which has an eccentricity of less than
0.001. The integration scheme is applicable due to the orthog-
onality property of the spherical harmonic functions. The
mathematical formulation for the integration is similar to that
for the Fourier transformation and is given in Appendix B.
This method involves less computation but does not give pre-
cisely the same result as the conventional method.

Some limitation on the validity of the harmonic coefficients
should be noted. For a satellite that does not have a polar
orbit, the gravitational field around the poles is not recovered.
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Since the computed spherical harmonic coefficients represent
the global field, the local gravitational field around the poles
will have to be provided from other sources if that part of the
gravitational field is to be accurate also. In addition, the high
degree harmonic coefficients cannot be recovered accurately if
the satellite altitude is relatively high. A satellite to probe the
high degree harmonic coefficients must fly at a low altitude.
Finally, the tracking data of satellites with different orbits are
sensitive to different terms of the spherical harmonic expan-
sion. To construct a general purpose gravitational model, it is
desirable to incorporate data from multiple satellites with dif-
ferent orbits. This can be done by combining gravitational
field recovered from one satellite with a field of other sources,
using the appropriate covariance matrix. These limitations are
determined by the satellite and its tracking system and not by
the particular method used for processing the data.

The consistency of this method can be checked in several
ways. The gravitational field Fd for the same ground track but
computed from an independent data set can be compared. In
addition, the gravitational field at the crossing points of differ-
ent ground tracks can be compared. The horizontal compo-
nent of the gravitational field can be checked against the theo-
retical constraint that the line integral of a gravitational field
around a closed path is zero. Finally, the spherical harmonic
coefficients computed from different components of the grav-
itational field can be compared.

Estimation of Nongravitational Forces
Here we consider forces other than the Earth's gravitational

attraction acting on the satellite, such as the Sun and the
Moon's gravitational forces, the gravitational forces due to
ocean tides, the drag, and the solar radiation. These forces are
arc specific and may be included in the nominal force model.
The Sun's and the Moon's gravitational forces are known with
sufficient accuracy and need not be adjusted. Some satellites
are drag compensated, and the nongravitational forces have
little or no effect on the satellite motion. But in many cases, it
may be necessary to estimate the model parameters for the
other forces. Whether a parameter needs to be estimated or not
depends on factors such as the arc length, the satellite altitude,
and the application.

Some consideration should be given to the problem of over-
parameterization when additional parameters are adjusted.
With a given set of measurement data, extra parameters tend
to dilute the solution and in a severe case can make the solution
uncertain if some parameters cannot be "separated out" from
each other. Mathematically, we see the A matrix becoming
rank deficient and the information matrix (i.e., the normal
matrix ATA) singular or nearly singular. Since the gravity bin
approach allows maximum degree of freedom for the orbit and
the forces, overparameterization occurs when extra parame-
ters are adjusted. Here we discuss three situations where the
gravity bin technique is applied. In the first case, the technique
is used for orbit determination only. In the second case, it is
used to recover the global gravitational coefficients with the
approach based on Eq. (15). In the third case, it is used to
recover the local gravitational field by Eq. (27) that is then
converted into the global field.

In the first case, a short data arc, typically one or two
revolutions long, is sufficient to give good results with the GPS
tracking system. Except for satellites with low altitude where
drag is higher, the effect of the drag and the solar radiation is
relatively small, and it is not necessary to adjust the cor-
responding parameters. If these forces are adjusted, the esti-
mation problem is overparameterized, and the information
matrix is singular. The resulting values of the parameters are
only loosely constrained by a priori information. But the orbit
that is constructed from the solution is still well defined, since
the problem is similar to the one discussed in Appendix A.
Since we are interested in the orbit only, the result is still
satisfactory.

In the second case, the method is equivalent to the conven-
tional method of gravitational field recovery where the data
arc is long and the nongravitational forces are routinely ad-
justed. The expansion of gravitational field in spherical har-
monic coefficients is truncated and higher degree coefficients
are usually stabilized with a priori constraint in the form of
Kaula's rule. Furthermore, a gravitational model derived from
other sources can be used as a priori information. The degree
of freedom for the estimation problem is thus greatly reduced
and the overparameterization no longer exists.

The third case requires extra care in the formulation of the
estimation problem. The overparameterization is avoided with
additional information on the bin parameters. The gravita-
tional field is subject to a theoretical constraint in that it is the
gradient of a scalar potential. The constraint is mathematically
equivalent to the statement that the curl of the gravity field is
zero, or that the line integral of the field around a closed path
is zero. The gravitational field is often considered a conserva-
tive field due to this property. However, there should be a
qualification to the last statement. Since the Earth is rotating
in the inertial frame where kinetic energy is defined, this does
not imply that the total energy of the satellite is conserved if
the gravitational force is the only force present. For our pur-
pose, the one statement that is most readily applied is the one
regarding the line integral. We can write

Fd(r) - ds = 0 (29)

where Fd(r) is the gravitational field due to the Earth, and the
line integral is around a closed path. The field and the line
integral are both in Earth fixed coordinates. The closed path is
possible since Topex orbit has very small eccentricity. At the
point where the ground track crosses itself after about one
revolution, the satellite returns to approximately the same po-
sition. (An eccentricity of 0.00044 gives an altitude variation of
a few kilometers.) Implicit in the previous equation is an as-
sumption that the nominal gravitational field is derived from
a scalar potential.

The gravity field can be expressed in terms of the gravity bin
parameters (an approximation is made for the second time
derivative at this step). The previous equation can therefore be
rewritten as a constraint on the gravity bin parameters. When
drag or other nongravitational forces are estimated, this con-
straint can be applied to the estimation process to stabilize the
solution and avoid the problem of overparameterizing the sys-
tem. The easiest way to implement this is to treat the previous
constraint as a high-precision measurement. Since the line inte-
gral is around a closed path, the data arc chosen for data
processing should normally be long enough so that the ground
track crosses itself. This constraint can support the estimation
of one nongravitational force parameter per closed path.

Other than drag and radiation pressure, the tidal forces may
also need to be estimated. But this one does not cause the
problem of overparameterization. The reason is that the same
set of parameters describes the forces over a long period of
time. Within that period of time, Topex would have repeated
its ground track several times. The same parameters will pro-
duce different signatures in the tracking data over different
repeat orbits whereas the geopotential will produce the same
signature as the ground track is repeated. This difference will
allow us to "separate out" the two kinds of forces. This is not
the case with drag and radiation pressure where the values of
force parameters are changing so rapidly that by the time the
ground track is repeated, a different set of values will need to
be estimated. The tidal model is easier to handle in this sense,
even though the model itself may have greater complexity.

Conclusions
The accuracy of the orbit and the gravitational field ob-

tained by this technique has been assessed by covariance anal-
yses for Topex with a GPS tracking system.33'34 Reference 33
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discusses the orbit and gravitational field accuracy using the
method of Eq. (28). Reference 34 discusses the accuracy of
the gravitational field recovered with the method of Eq. (15).
Theoretical consideration and the analysis of Ref. 31 shows
that the orbit accuracy should be at least as good as the non-
dynamic tracking. The orbit accuracy is generally in the sub-
decimeter range and improves as the number of arcs is in-
creased. The gravity field computed using Eq. (28) is accurate
to a small fraction of a milligal. The gravity field recovered
with Eq. (15) shows improvement in the mid-degree and order
terms of the spherical harmonic coefficients over the current
best gravity model. The gravity field recovered by using the
method of Eq. (15) is the same as that by the conventional
method based on theoretical consideration. The equivalence
has been confirmed numerically with a covariance analysis
that solves for a gravitational field with a small set of selected
terms. Therefore, the accuracy of the gravity field is deter-
mined by the satellite and the tracking system and not by which
method, the bin technique or the conventional one.

The technique presented here assumed the orbit repeats in
the Earth fixed coordinates and that the tracking system pro-
vides continuous three-dimensional coverage. It employs a set
of bin parameters and the satellite epoch states to solve for the
satellite orbits. The Householder transformation is used to
reduce the computation required to process multiple arc
data.35 The algorithm first separates the gravitational parame-
ters from all other arc specific parameters by judicious parti-
tioning of the measurement matrix and the Householder trans-
formations. The transformed data from different arcs are then
combined to solve for the gravitational parameters, and these
results are then used to solve for the initial states of each
individual arc by back substitution. The technique produces an
accurate satellite orbit without relying on a high-accuracy
gravitational model from other sources. An additional benefit
is that the gravitational field can then be recovered, with little
additional calculation.

Appendix A: Dependency of Initial State
and Bin Parameters

This Appendix shows that, with the parameters we have
chosen to model the satellite orbit, the adjustment term for the
initial state and the bin parametrs cannot be determined com-
pletely, since the system is overparameterized. Methods to
avoid this difficulty by using a priori constraint and by reduc-
ing the number of parameters are discussed. We also show that
if we allow the system to be overparameterized so that the bin
parameters cannot be completely determined, the satellite po-
sition and the gravitational field can still be uniquely deter-
mined from the measurements.

To show that the system is overparameterized, let us con-
sider the regression equation for a single arc. We will assume
the data type is range, but the conclusion applies to pseudo-
range and carrier phase also. The regression equation for the
range measurement between the low Earth orbiter and the GPS
satellite at time t is given by

dp dp dp ^ dp
(Al)

where r0 and v0 are adjustments to the satellite state at the
epoch time and 6 is the bin parameter. Terms for other
parameters, including those for the clocks, the drag, and the
solar radiation, are represented by p.

The partial derivatives for the initial position and velocity
are given by

dp_
dr0

dp_
dv0

dp dr
dr drQ

dp _d/^
dr dv0

(A2)

(A3)

The partial derivative for the bin parameter is given by

dp dp dr dp
d<5 = ~d~r ~dd = ~d~r

(A4)

To show that the system is overparameterized, we will show
that if a solution exists for the regression equation, a second
solution also exists. The new solution is related to the original
solution by differences in the initial position and velocity so
that

and

ro = r0 + Ar

VQ = V0 + AV

dr dr
6' = 6 - -— Ar - -— Av

dr0 dv0

(A5)

(A6)

(A7)

at time /. To insure that 6' remains zero at t\ like 6, Ar and
Av are subject to the condition

drQ
(A8)

By writing a new measurement p' in the same form as Eq.
(Al),

_ d/° , dp , dp f dp
dr0 ° dv0 ° dd dp

and using Eqs. (A2), (A3), and (A4), we get

P =P

(A9)

(A10)

The substitution of Eqs. (A5), (A6), and (A7) gives the same
measurement p for an arbitrary measurement time. If we have
a set of solutions (r0, v0 ,62 , . . . ,6M) that satisfies the regression
equation, the new set of parameters ( ro ,Vo,62 , . . . ,d'M) also
satisfies the same equation. We thus conclude that the epoch
state rQ and v0 and the bin parameters 6 cannot be uniquely
determined by the measurements alone.

In the estimation process, we may use relatively large a
priori sigmas to bound the epoch state and the bin parameters.
This will avoid the indefiniteness and give us a solution. How-
ever, the adjustment term to the initial state and the bin
parameters are only loosely bound by the a priori sigmas, and
the solution will have a large sigma. The estimation of the
actual initial velocity is given by

= v0 + d(t0) (All)

which will have better accuracy than indicated by the sigma of
v0, if 6 is a reasonably smooth function of time over the
measurement interval At.

Alternatively, we may choose one arc, e.g., the first arc, as
a reference arc, and set the parameter v0 for the reference arc
to zero. Estimating parameters for other arcs as before, the
number of parameters to be estimated is reduced by three since
the v0 term disappears from the equation for the reference arc.
This way, all parameters can be solved for without relying on
a priori knowledge. The form of the equation for all arcs
except the reference arc stays the same.

If we use large a priori sigmas to bound r0, v0, and 6, and
allow the ambiguity in the solution, the position and grav-
itational field can still be accurately determined from the
measurements. To show this, we consider the equation for
position and the equation from which the gravitational field
is recovered.



WU: ORBIT DETERMINATION 311

The position (relative to the nominal value) at measurement
time other than the epoch is given by

dr
^~dr0

dr dp
—
dp

(A12)

If substitution according to Eqs. (A5), (A6), and (A7) is made
for

dr
——
dr0

we have

dr
——
dv0

r' =r

dp
— p
dp

(A13)

(A14)

This shows that even though the epoch state and the bin
parameters are not completely determined, the position is still
uniquely determined by the measurements.

We next look at the Eq. (27) from which the gravitational
field is recovered:

By defining £ and 77 as

dr

we can write Eq. (A7) as

(A15)

(A16)

(A17)

(A18)

With the previous substitution, the expression for a new grav-
itational field F'd in the form of Eq. (A 15) becomes

(A19)

The terms in the parentheses can be evaluated with the help of
variational equations for £ and ij. Since £ and TJ are variational
partials, they also satisfy the variational equations similar to
Eq. (23):

dF dF

dF
-r

dF
-

(A20)

(A21)

Substituting Eqs. (A20) and (A21) into Eq. (A 19), we get

F'd=Fd (A22)

Thus the gravitational field calculated remains the same
when the substitution of Eq. (A7) is made. We can conclude
that even though the bin parameters are not completely de-
termined due to overparameterization, the gravitational field
is still uniquely determined since it is not changed by the
substitutions.

Note that by using Eq. (3) and Eqs. (A7), (A15), (A20), and
(A21) we can show that

dFn dFn (A23)

which is an alternative to Eq. (A15) for computing the local
gravitational field. Equations (A16), (A17), (A20), and (A21)
also show that the variational partials dr/dr0 and dr/dv0 are
the homogeneous solutions of the differential equation (A23).

Appendix B: Transformation of Local Gravitational
Field into Spherical Harmonic Coefficients

The following shows the formulation to transform the local
gravitational field to spherical harmonic coefficients using
the orthogonal property of the functions. The gravitational
potential is expanded in spherical harmonic functions as (see
Refs. 9 and 10, Ref. 32, p. 72, and Ref. 36)

GM i + E £

x (Cnm (Bl)

where

G = universal gravitational constant
M = mass of the Earth
r = geocentric satellite distance
«max = upper limit for the summation (highest degree)
ae = Earth's mean equatorial radius
6 = satellite geocentric colatitude
X = satellite east longitude
P™ = associated Legendre function
Cnm = gravitational coefficient for the cosine function
Snm = gravitational coefficient for the sine function

Note that the symbol r has been used earlier in the varia-
tional equation with a different meaning. Differentiating the
potential with respect to the coordinate r, we get the radial
component of the gravitational field,

- —r~ ~ dr

GM f
= -™r2* |_

x (Cn ntn shimA) (B2)

The spherical harmonic function, which is the product of the
associated Legendre function and the trigonometric function,
has the orthogonality property expressible as

(B3)47T

(2/i+ l)(2-60ii
where 6 is the Kronecker delta that is equal to one when the
indices are the same and zero when they are different. The
integration is over the entire spherical surface. Similar integra-
tion involving the product cosraXsinw'X or sinmXcosw 'X
is zero.

By the orthogonality of the associated Legendre functions
and the trigonometric functions, we can set r to the satellite
Earth-centered radius R in the equation for Fr, multiply it
by a spherical harmonic function, and integrate over the entire
spherical surface to get

47TGM
[(n-m)\]
L( / i+ / i f ) !_T

s in0d0dX (B4)
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A similar equation involving the east component of the field
can be derived by differentiation of the potential with re-
spect to the coordinate X and application of the orthogonality
property,

Cn R2

fl Fx(0,X)P„"' (cose) \~ Sm m \ sin2 8 d0 dX
C cosraX )

(B5)

A third equation can be derived using the south component
of the field. But the integral involves the east component of the
field too. The equation is most conveniently derived by writing
the potential as the real part of a complex potential and intro-
ducing the lowering operator of the spherical harmonics (see
Ref. 36, pp. 185-188). The derivation is somewhat lengthy and
is omitted here. The result is

y (cos0) (F,,even + cos0Fx,even)

+ (F0 odd - cos0Fx odd) Smm sin0 d0 dX (B6)(^ — cosmXJ J

where the even and the odd functions are defined as

^,even = [F,(0,X) + Fe(0, - X)] (B7)

(B8)

(B9)

(BIO)

Fe.au = [Fe(09\) - F9(B, - X)]

Vven = 0, A) + FX(B, - X)]

,A) -Fx(0, - X)]

These are the desired equations to convert the local gravita-
tional field to the coefficients for the spherical harmonic func-
tions. For numerical calculation, the integrals in Eqs. (B5) and
(B6) are replaced by summations over finite terms. One way to
do this is to consider all of the points on the spherical surface
where the gravitational fields are available and divide the
spherical surface into area elements with each point occupying
one element. The integral is then approximated by a summa-
tion of the areas multiplied by the integrand evaluated at the
corresponding points.

Acknowledgments
The research described in this paper was carried out by the

Jet Propulsion Laboratory, California Institute of Technol-
ogy, under contract with NASA. The author wishes to thank
Sien Wu, Thomas Yunck, Steve Licthen, and Willy Bertiger
for helpful discussions in writing this paper.

References
!Wu, S. C., and Ondrasik, V. J., "Orbit Determination of Low-

Altitude Earth Satellite Using GPS RF Doppler," Proceedings of the
IEEE PLANS, Dec. 1982, pp. 85-91.

2Licthen, S. M., Wu, S. C., Wu, J. T., and Yunck, T. P., "Precise
Positioning Capabilities for TOPEX Using Differential GPS Tech-
niques," AAS Paper 85-401, AAS Astrodynamics Conference, Vail,
CO, Aug. 12-15, 1985.

3Rosborough, G., "Orbit Error Due to Gravity Model Error,"
AAS Paper 87-534, AIAA/AAS Astrodynamics Conference, Kalis-
pell, MT, Aug. 10-13, 1987.

Melbourne, W. G., Yunck, T. P., and Wu, S. C., "GPS-Based
Precision Positioning of Earth Orbiting Remote Sensing System,"

AAS Paper 86-398, AAS 33rd Annual Meeting—Aerospace: Century
XXI, Boulder, CO, Oct. 1986.

5Yunck, T. P., and Wu, S. C., "Non-Dynamic Decimeter Tracking
of Earth Satellites Using the Global Positioning System," AIAA
Paper 86-0404, AIAA 24th Aerospace Sciences Meeting, Reno, NV,
Jan. 1986.

6Wu, S. C., Yunck, T. P., and Thornton, C. L., "Reduced-Dy-
namic Technique for Precise Orbit Determination of Low Earth Sat-
ellites," AAS Paper 87-410, AIAA/AAS Astrodynamics Conference,
Kalispell, MT, Aug. 10-13, 1987.

7Yunck, T. P., Wu, S. C., and Wu, J. T., "Strategies for Sub-
Decimeter Satellite Tracking with GPS," Proceedings of the 1986
IEEE Position Location and Navigation Symposium, Las Vegas, NV,
Nov. 1986.

8Yunck, T. P., Wu, S. C., and Wu, J. T., "Near-Optimal Strategies
for Sub-Decimeter Satellite Tracking with GPS," Proceedings of the
Second International Symposium on Spacecraft Flight Dynamics,
Darmstadt, Germany, Oct. 1986.

9Kaula, W. M., Theory of Satellite Goedesy, Blaisdell, Waltham,
MA, 1966.

10Heiskanen, W. A., and Moritz, H., Physical Geodesy, Freeman,
San Francisco, CA, 1967.

11 Colombo, O. L., "High Resolution Analysis of Satellite Gradi-
ometry," Chapman Conference on Progress in the Determination of
the Earth's Gravity Field, American Geophysical Union, Sept. 1988,
pp. 85-91.

12Colombo, O. L., Netherlands Geodetic Commission, Publica-
tions in Geodesy, New Series, Vol. 7, No. 3, Delft, The Netherlands,
1984.

13Colombo, O. L., "Gravity Field Determination with GPS for
Moving Vehicle," General Meeting of the International Association
of Geodesy, Aug. 3-12, 1989, Edinburgh, Scotland, Symposium 102:
Global Positioning System; an Overview, edited by Y. Bock and N.
Leppard, Springer-Verlag, New York, 1990.

14Wu, J. T., "TOPEX Orbit Determination by Solving Gravity
Parameters with Multiple Arcs," AAS Paper 85-411, AIAA/AAS
Astrodynamics Conference, Vail, CO, Aug. 12-15, 1985.

15Wu, J. T., and Wu, S. C., "TOPEX Orbit Determination by
Combining GPS Data from Repeat Orbits," AIAA Paper 86-2216,
AIAA/AAS Astrodynamics Conference, Williamsburg, VA, Aug. 18-
20, 1986.

16Born, G. H., Lame, D. B., and Mitchell, J. M., "A Survey of
Oceanographic Satellite Aldmetric Missions," Marine Geodesy, Vol.
8, April 1984, pp. 3-16.

17Born, G. H., Wunsch, C., and Yamarone, C. A., "TOPEX:
Observing the Oceans from Space," EOS Transactions, American
Geophysical Union, Vol. 65, No. 28, 1984, pp. 433-437.

18Butler, D. M., et al., "Earth Observing System," NASA TM-
86129, Science and Mission Requirements Working Group Rept.,
Vol. 1, Aug. 1984.

19Holdaway, R., "Assessing Orbit Determination Requirements for
ERS-1," AIAA Paper 86-0403, AIAA 24th Aerospace Sciences Meet-
ing, Reno, NV, Jan. 5-9, 1984.

20Benz, R., Faulks, H., Langemann, M., Mecke, G., and Hieber,
S., "Aristoteles—An Earth Gravity Field Recovery Mission," IAF
Paper 88-116, 39th Congress of the International Astronautical Feder-
ation, Bangalore, India, Oct. 8-15, 1988.

21Farless, D. L., "The Application of Periodic Orbits to TOPEX
Mission Design," AAS Paper 85-301, AIAA/AAS Astrodynamics
Conference, Vail, CO, Aug. 12-15, 1985.
. 22Tapley, B. D., and Ries, J. C., "Orbit Determination Require-

ments for Topex," AAS Paper 87-429, AIAA/AAS Astrodynamics
Conference, Kalispell, MT, Aug. 10-13, 1987.

23Marsh, J. G., et al., "A New Gravitational Model for the Earth
from Satellite Tracking Data: GEM-T1," Journal of Geophysical Re-
search, Vol. 93, No. B6, 1988, pp. 6169-6215.

24Learch, F. J., Klosko, S. M., Wagner, C. A., and Patel, G. B.,
"On the Accuracy of Recent Goddard Gravity Models," Journal of
Geophysical Research, Vol. 90, No. Bll , 1985, pp. 9312-9334.

25Tapley, B. D., Schutz, B. E., Shum, C. K., Ries, J. C., and Yuan,
D. N., "An Improved Model for the Earth's Gravity Field," Proceed-
ings of the International Association of Geodesy Symposia, Interna-
tional Union of Geodesy and Geophysics XIX General Assembly,
Vancouver, Canada, Aug. 1987, pp. 125-143.

26Bhat, R. S., Frauenholz, R. B., and Cannell, P. E., "Topex/
Poseidon Orbit Maintenance Maneuver Design," AAS Paper 89-408,
AAS/AIAA Astrodynamics Conference, Stowe, VT, Aug. 7-10, 1989.

27Bierman, G. J., Factorization Methods for Discrete Sequential
Estimation, Academic Press, New York, 1977.

28Wu, J. T., "Elimination of Clock Errors in a GPS Based Tracking



WU: ORBIT DETERMINATION 313

System," AIAA Paper 84-2052, AIAA/AAS Astrodynamics Confer-
ence, Seattle, WA, Aug. 20-22, 1984.

29Ellis, J., "Large Scale State Estimation Algorithms for DSN
Tracking Station Location Determination," Journal of the Astronau-
tical Sciences, Vol. 28, No. 1, 1980, pp. 15-30.

30Wu, J. T., Bertiger, W. I., and Wu, S. C., "Converting Gravity
Bins to Spherical Harmonic Coefficients," AIAA Paper 90-2943,
AAS/AIAA Astrodynamics Conference, Portland, OR, Aug. 20-22,
1990.

31Bertiger, W. I., Wu, J. T., and Wu, S. C., "Efficient Gravity
Recovery with GPS: Operation Counts," EOS Transactions, Ameri-
can Geophysical Union, Vol. 70, No. 43, Oct. 24, 1989, p. 1059.

32Hatch, W., and Goad, C., "Mathematical Description of the
ORAN Error Analysis Program," Planetary Science Dept. Rept. 009-

73, NASA Goddard Space Flight Center, Aug. 1973.
33Wu, J. T., and Yunck, T. P., "Topex Orbit Determination and

Gravity Recovery Using GPS Data from Repeat Orbits," AIAA Paper
88-0575, AIAA 26th Aerospace Sciences Meeting, Reno, NV, Jan.
11-14, 1988.

34Bertiger, W. I., Wu, J. T., and Wu, S. C., "Gravity Field Im-
provement Using GPS Data from Topex/Poseidon: A Covariance
Analysis," AIAA Paper 90-2944, AAS/AIAA Astrodynamics Con-
ference, Portland, OR, Aug. 20-22, 1990.

35Wu, S. C., Wu, J. T., and Bertiger, W. I., "An Efficient Tech-
nique for Gravity Recovery Using A Low Earth Satellite," Proceed-
ings of the Fifth International Geodetic Symposium on Satellite Posi-
tioning, Las Cruces, NM, March 13-17, 1989, pp. 956-965.

36Merzbacher, E., Quantum Mechanics, Wiley, New York, 1970.

Attention Journal Authors:
Send Us Your Manuscript Disk

AIAA now has equipment that can convert
virtually any disk (3!/z-, 5V4-, or 8-inch) directly to
type, thus avoiding rekeyboarding and subsequent
introduction of errors.

The following are examples of easily converted
software programs:

. PC or Macintosh TEX and LATEX
• PC or Macintosh Microsoft Word
• PC Wordstar Professional
You can help us in the following way. If your

manuscript was prepared with a word-processing
program, please retain the disk until the review
process has been completed and final revisions
have been incorporated in your paper. Then send
the Associate Editor all of the following:

• Your final version of double-spaced hard copy.
• Original artwork.
• A copy of the revised disk (with software

identified).
Retain the original disk.
If your revised paper is accepted for publication,

the Associate Editor will send the entire package
just described to the AIAA Editorial Department
for copy editing and typesetting.

Please note that your paper may be typeset in
the traditional manner if problems arise during
the conversion. A problem may be caused, for
instance, by using a "program within a pro-
gram" (e.g., special mathematical enhancements
to word-processing programs). That potential
problem may be avoided if you specifically identify
the enhancement and the word-processing program.

In any case you will, as always, receive galley
proofs before publication. They will reflect all
copy and style changes made by the Editorial
Department.

We will send you an AIAA tie or pen
(your choice) as a "thank you" for cooper-
ating in our disk conversion program.
Just send us a note when you return
your galley proofs to let us know which
you prefer.

If you have any questions or
need further information on disk
conversion, please telephone
Richard Gaskin, AIAA
Production Manager,
at (202) 646-7496.

&AIAA


